Abstract. In this paper, we have shown that, by using results of Aladro and Krantz and of Fujimoto, Zalcman's type Lemma can be given for quasinormality of a family of holomorphic functions on a domain of C n into a complete complex Hermitian manifold.
Introduction
The normality of a family of functions is one of the most fundamental concepts in complex function theory. In fact, in Julia-Fatou dichotomy normality plays a vital role. In [7] , Lawrence Zalcman proved a stricking result of non-normality for a family of holomorphic functions. Roughly speaking it says that in infinitesimal scaling the family gives a non-constant entire function under the compact-open topology of the complex plane. We state this result of Zalcman known as Zalcman's Lemma:
Zalcman's Lemma: A family F of functions meromorphic (analytic) on the unit disc ∆ is not normal if and only if there exist (a) a number 0 < r < 1 (b) points z j , |z j | < r (c) functions {f j } ⊆ F (d) numbers ρ j → 0 + such that f j (z j + ρ j ζ) → g(ζ) spherically uniformly (uniformly) on compact subsets of C, where g is a non-constant meromorphic (entire) function on C In [2] , Gerardo Aladro and Steven G. Krantz gave an analogue of Zalcman's Lemma for families of holomorphic mappings from hyperbolic domain of C n into complete complex Hermitian manifold M. In this paper we are looking for an analouge of Zalcman's Lemma for quasi normal family of holomorphic mappings from hyperbolic domain of C n into a complete complex Hermitian manifold M.
Definitions and preliminary Results
Let Ω ⊂ C
n be an open domain and ∆ be the unit disc in C. If z ∈ Ω and ξ ∈ C n , then we define the infinitesimal form of the Kobayashi pseudometric for Ω at z in the direction ξ as 2010 Mathematics Subject Classification. 32A19. Key words and phrases. Analytic set, Holomorphic mapping, Normal famiy, quasi normal family. The research work of the second author is supported by research fellowship from UGC India.
is a constant multiple of ξ . represents Euclidean length.
We define the Kobayashi distance between z and w in Ω as:
where the infimum is taken over
there is a neighborhood V of z in Ω and a positive constant c such that
We say that Ω is hyperbolic if it is hyperbolic at each point.
Let M be a complete complex Hermitian manifold of dimension k and let T p (M) denote the complexified tangent space to M at p. We denote the metric for M at p in the direction of the vector ξ ∈ T p (M) by E M (p; ξ). Let Ω ⊆ C n be a hyperbolic domain . We denote the set of all holomorphic functions from Ω into M by Hol(Ω, M). Definition 2.2. Let F be a family of holomorphic mappings of a domain Ω in C n into a complete complex manifold M. F is said to be a normal family on Ω if any sequence in F contains a subsequence which converges uniformly on compact subsets of Ω to a holomorphic mapping of Ω into M.
Let Ω ⊆ C n be a domain. A subset A of Ω is called an analytic subset if for any z ∈ Ω there exist a neighborhood U of z and holomorphic functions f 1 , . . . , f l on U such that A ∩ U = {z ∈ U : f 1 (z) = . . . = f l (z) = 0}. Notice that analytic subsets are closed and no where dense (thin) in Ω. Definition 2.3. A sequence {f j (z)} of holomorphic mappings from a domain Ω ⊂ C n into a complete complex Hermitian manifold M is said to be quasi-regular on Ω if any z ∈ Ω has a neighborhood U with the property that {f j (z)} converges compactly on U \ E, where E is an analytic subset of U.
Definition 2.4. Let F be a family of holomorphic mappings of a domain Ω in C n into a complete complex Hermitian manifold M. F is said to be a quasi normal family on Ω if any sequence in F has a quasi regular subsequence on Ω.
Conversely, if (2.1) holds and if for some p ∈ Ω, all f α (p) are in some compact set Q of M, then F = {f α } α∈A is a normal family.
Theorem 2.6. [2]
Let Ω ⊆ C n be a hyperbolic domain and let M be a complete complex Hermitian manifold of dimension k. Let F = {f α } α∈A ⊆ Hol(Ω, M). The family F is not normal iff there exist a compact set K 0 ⋐ Ω and a sequences {p j } ⊂ K 0 , {f j } ⊂ F , ρ j > 0 and ρ j → 0 + and ξ j ⊂ C n Euclidean unit vectors, such that
, ζ ∈ C converges uniformly on compact subsets of C to a non-constant entire function g.
These definitions and results can be found with complete details in [1] , [2] , [4] and [5] .
Main Result
Before giving the proof of our main result (Theorem 3.5), we give some definitons and lemmas, whose one dimensional analogue can be found in [3] and [6] . 
We say p 0 is a µ 2 −point of {f j } if there exist an open set K ⋐ Ω containing p 0 , such that each point of K is a µ 1 −point of {f j }. Proof. Suppose F is not normal then by Theorem 2.5 there is no µ 1 −point for any sequences {f j } of F .
Conversely suppose no sequence has a µ 1 −point in Ω. Assume on contrary that F is not normal in Ω, consider a sequence {f j } of F , then there is a point p 0 ∈ Ω such that we can not find a ball Γ = {p : p − p 0 < r}, Γ ⋐ Ω and a number N > 0 such that for j ≥ 1 we have
Take two sequences of positive real numbers {r k } → 0 and {N k } → ∞ such that the ball Γ k = {p : p − p 0 ≤ r k } contained in Ω. Then there is an integer j 1 ≥ 1 such that
Next there is an integer j 2 > j 1 such that
Continuing in this manner, we get a sequence of integers {j k }, (k = 1, 2, . . .) such that for k ≥ 1, we have sup
Now consider a ball Γ : p − p 0 < r so that Γ ⋐ Ω. Let k 0 ≥ 1 be an integer such that r k < r for k ≥ k 0 , then for k ≥ k 0 we have
This implies p 0 is a µ 1 −point of the sequence {f j } which is a contradiction.
Lemma 3.3.
Let Ω ⊆ C n be a hyperbolic domain. Let M be a complete complex Hermitian manifold of dimension k. A family F ⊂ Hol(Ω, M) is quasi normal in Ω if and only if each sequence {f j } of F has no µ 2 −point in Ω.
Proof. Suppose F is quasi normal in Ω. Let S : {f j } be a sequence of functions of F . Then we can extract a subsequence S ′ from S so that for each p ∈ Ω there is a neighborhood U with the property that S ′ converges compactly on U \ E, where E is a thin analytic subset of U. Suppose, on the contrary, that S has a µ 2 −point p 0 in Ω. Since F is quasi normal therefore we can find a neighborhood U 0 of p 0 in Ω such that S ′ converges compactly on U 0 \ E, where E is a thin analytic subset of U 0 . For each p ′ ∈ U 0 \ E, S ′ converges compactly hence S ′ is normal in U 0 \ E so by Lemma 3.2, S ′ has no µ 1 −point in U 0 \ E. But by definition of µ 2 −point there exist an open set K ⋐ Ω such that each point of K is a µ 1 −point of S and hence of S ′ thus we get a contradiction.
Conversely, Suppose F has no µ 2 −point and F is not quasi normal on Ω. Consider a set K ⋐ Ω. Let S be a sequence of functions of F then we can not extract a subsequence which is quasi regular in K. Then S must have µ 1 −points in K, also set of all µ 1 −points contains a non-empty open set V , otherwise S constitutes a quasi normal family. Since V is an open set for p ∈ V there exists a neighborhood N of p such that N ⊂ V and each point of N is a µ 1 − point of S, thus p is a µ 2 −point of S, which is a contradiction.
Local version of Zalcman's Lemma for Normal families. 
Proof.
Suppose the conditions of the theorem hold and assume on the contrary that F is normal at p 0 . Then by analogue of Marty's Theorem in C n , for compact subsets K 0 and K 1 such that p 0 ∈ K 0 ⋐ K 1 ⋐ Ω there exists a number N > 0 such that (3.1) sup
Since f j (p j + ρ j ξ j ζ) converges uniformly on compact subsets of C to a non-constant entire function g(ζ) we have
Taking the limit, we get
Then g ′ (ζ) = 0 for any ζ ∈ C, therefore g is a constant function which is a contradiction.
conversely, Assume that F is not normal at p 0 , then there exists a compact set K 0 ⋐ {p : p − p 0 ≤ ρ} = K 1 for some ρ > 0 and a sequence f j ⊂ F , {q j } ⊂ K 0 and {ξ j } ⊂ C n , Euclidean unit vectors such that
Each g k is defined on ∆ = {p : p < 1} and satisfies (3.5) therefore {g k } is not normal in ∆. Now by Theorem 2.6 there exist (1) a compact set K ⋐ ∆, (2) a sequence {p * j } ⊂ K, (3) a sequence {g k j } ⊂ {g k }, (4) a sequence of positive real numbers ρ * j → 0 and (5) a sequence {ξ j } ⊂ C n of Euclidean unit vectors, (E 1 ) a sequence of Euclidean unit vectors {ξ j,2 } ⊂ C n , such that h j,2 (w j,2 + ρ j,2 ξ j,2 ζ), ζ ∈ C, converges uniformly on compact subsets of C to a non-constant entire function g 2 .
Continuing in this manner we get sequences {p j } → p 0 , {w i,j }, {ρ i,j }, {g j } and {h i,j }. Now we use the Cantor's diagonal method and choose E = V ; f i = h i,i ; w i,po = w i,i ; ρ i,p 0 = ρ i,i ; and ξ i,p 0 = ξ i,i . Then for each j ≥ 1, {f i } ∞ i=j is a subsequence of S j and f i (w i,p 0 + ρ i,p 0 ξ i,p 0 ζ), ζ ∈ C, converges uniformly on compact subsets of C to a nonconstant entire function g po this completes the proof of theorem.
